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Abstract 
In this paper, we present techniques for fatigue damage evaluation using spectral methods and a model taking into account 
elastic-plastic behaviour. The model is associated with a nonlinear fatigue law, covering the whole endurance domain (low cycle 
and high cycle fatigue). It uses Neuber's rule and is valid for limited plasticity. To validate this modelling, we perform a 
correlation between classic spectral methods, modified spectral methods and Monte Carlo simulations in time domain. Results 
obtained in the case of a numerical design plan are presented. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Czech Society for Mechanics. 
Keywords: spectral methods ; plasticity ; random process ; rainflow counting ; fatigue damage 
1. Introduction 
Fatigue has become a major design criterion in the engineering industry, requiring fatigue methods that better 
model real physical phenomena. Conventional fatigue approaches are defined in time domain where input data is 
usually given as a stress or strain time history. Algorithms such as rainflow [1, 2] extract stress cycles from the time 
history to obtain a distribution of stress amplitudes. To determine the lifetime corresponding to this distribution, one 
can use a fatigue law such as Basquin equation and a damage accumulation rule such as Palmgren-Miner law. 
Nevertheless, these methods require knowing stress time history or envelope of this time history. In the case of 
random vibrations, the mechanical structure may have a dynamic response. It is then difficult to know the stress 
history and to make the fatigue analysis because: 
x integral convolution increases drastically computing time, 
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x the process is random by nature. 
To overcome these problems it is suitable to work in the frequency domain. In addition, random vibrations are 
modelled as a Gaussian stochastic process, characterized by its PSD (power spectral density). 
Fatigue spectral methods are entirely defined in the frequency domain; the average damage being calculated from 
the PSD. The cycle’s distribution is not calculated but is estimated with a probability density of the maxima. This 
probability density depends on parameters of the PSD and the spectral method selected. 
These methods have shown their reliability in fatigue life predictions; however they are based on several 
assumptions that reduce their area of application. We propose in this paper to consider in spectral methods non-
linearities due to elastic-plastic behaviour of metallic materials, in particular steels. Plasticity is a phenomenon that 
can be observed especially during accelerated vibration tests on real components. Due to high level of vibrations and 
presence of notches, local stresses may exceed the yield limit of the material. To validate this approach, we will 
conduct a numerical design plan with different types of PSDs. Our reference will be elastic-plastic calculations 
made in the time domain associated with Monte-Carlo simulations. 
2. Theoretical background 
2.1. Properties of stochastic processes 
Power spectral density 
In the case of spectral methods, we are limited to stationary ergodic Gaussian stochastic processes with zero 
mean. The PSD in the spectral domain characterize a Gaussian stochastic process [3]. It is calculated from the 
autocorrelation function of the random process x(t) as follows, Eqn. (1): 
³ff  WW WS deRfG fixx 2)()(   (1) 
Where R(W) = E[x(t)x(t +W)]. This Eqn. (1) is known as the Wiener-Khintchine theorem. 
Spectral moments and signal parameters 
The spectral moments are important characteristics of a random process; they are calculated by Eqn. (2). 
³ff dfffG mxxm )(O   (2) 
They are related to the amount of information contained in a random process in the time domain. If for example 
x(t) is a displacement, λ0 is the variance of the displacement, λ2 is the variance of the velocity and λ4 is the variance 
of the acceleration. 
Spectral moments determine signal parameters of random processes. The number of zero-up crossings (ν0) and 
the number of maxima (νa) are defined in Eqn. (3). 
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Another useful parameter is the irregularity factor. It represents the bandwidth of the PSD. It is calculated from 
the number of maxima and the number of zero up crossings, Eqn. (4). 
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2.2. Spectral methods 
In a classical approach, counting methods define each cycle extracted by a peak of level U and valley of level V 
or amplitude S and mean value M. Each extracted cycle is a random event that has its own probability of occurrence. 
Consider h (U, V) the joint probability density function of cycles extracted having peaks U and valleys V. By a 
simple variable change, the joint distribution of cycles is obtained in terms of amplitude S and mean value M, 
Eqn.(5): 
 S)-MS;+2h(M = M)(S;P ma;   (5) 
The amplitude probability density function (PDF) is then, Eqn. (6) : 
³ff- ma;a );(P = (S)P dMMS   (6) 
Damage due to each stress amplitude σ, according to Basquin equation is Eqn. (7) : 
EV1 Cd   (7) 
The expectation of damage contribution of cycles whose amplitude is between σ and σ+dσ, Eqn. (8) : 
> @ VVQV E dPCdE aas )(1   (8) 
Where νa Pa(σ)dσ is the number of maxima per unit time in the interval [σ; σ +d σ]. The damage expectation per 
unit time for the law of Palmgren-Miner is Eqn. (9). 
> @ ³ff  VVQV E dPCDE aa )(1   (9) 
Pa(σ) is the amplitude probability density function and depends on the formulation made by each author. In our 
case, we use the probability density function (PDF) defined by Rice [4, 5] and Dirlik [6, 7]. These methods are 
called “classical SM” (“SM” for spectral method) in the numerical validation section. 
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2.3. Hermite model 
 
Fig. 1. Diagram of methodology for calculating the fatigue for non-Gaussian process with a reversible transformation. 
Hermite model [8, 9] is a reversible transformation that can transform a non-Gaussian processes in a Gaussian 
one and reciprocally. Combined with spectral methods, this allows fatigue life calculation of a non-Gaussian 
stochastic process. The global methodology is described in the figure1. These non-Gaussian processes can be 
generated by a structure with a non-linear behaviour. The advantage of this method is that it is not necessary to 
know the non-linearity at the origin of non-Gaussian process. Here we choose the Hermite model for comparison 
because it is most prevalent in our domain and easy to implement but there are other models such as Ochi & Ahn 
model [10, 11] and Power-law model [12]. This method is studied in the numerical validation section and called 
“Hermite model”. 
3. Modified spectral method: accounting for plasticity. 
The previous spectral methods are for fatigue calculations in the case of uniaxial stress state. We choose these 
methods because the implementation of elastic-plastic behavior is easily feasible. We have seen hitherto only the 
spectral methods when formulated in stress. In the case where the mechanical structure is only working in elasticity 
domain, choice of stress usage is largely justified. Linear fatigue laws based on stress formulations are available 
giving good estimates of the damage. In addition, the damage formulation can be explicit. 
Now, if the mechanical structure material works in elastic-plastic domain, a fatigue law that takes into account 
plasticity is required. We choose to use the Manson-Coffin-Basquin model which allows partitioning the total strain 
in elastic and plastic contributions: 
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Assuming that the function ε=f(N) is invertible, we can write N=f-1(ε). This allows fatigue damage estimation 
based on strain formulation, but requires having a strain amplitude cycle’s distribution in order to make the 
cumulative damage with the chosen fatigue law. 
Fig. 2 explains the different calculation steps involved to obtain damage estimation. The function H in figure 2 is 
the distribution of cycles number, it depends on signal parameters, amplitudes probability density function (PDF) 
and other parameters such as time step or step size. 
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Fig. 2. New fatigue process in the spectral methods with Neuber module. 
Formulating a strain cycle’s distribution is easily possible but adds in this distribution the impact of non-linearity 
due to elastic-plastic behavior. In our case we make the choice to keep the same input data, Stress PSD, to take 
advantage of linear frequency response function and PSD calculations. This allows a short computation time and 
ensures respect of assumptions required in frequency domain. The elastic-plastic behavior of the material is taken 
into account in our calculation chain by correcting the stress cycle’s distribution using the Neuber rule [13]. This 
allows correcting the stress and strain levels extracted from linear finite element calculations. 
In spectral methods, we cannot have access to the strain or stress time history, but for each stress level we have 
the corresponding cycles number, this is the distribution of cycle’s numbers (function H). The function H is 
generally for the discretized calculus. Figure 3 shows how we apply for each strain increment the Neuber's rule to 
obtain the real strain. Neuber’s method gives one equation relating real stresses and strains; the second required 
equation is given by the cyclic stress-strain formulation as described in Eqn. (11). 
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Fig. 3. Correction method for the distribution of cycle’s number in the spectral methods with Neuber module. 
In addition, we make the assumption that the total number of cycles from the distribution remains unchanged 
regardless of the material’s modelled behaviour. The distribution is defined for a given time interval. In this time 
interval, the cycle’s number is given by the system frequency and not by the strain or stress amplitudes. We work 
only on the allocation of the cycle’s number on the space of real strain Fig. 3. This means that the area under the 
curve remains the same before and after correction, only the cycles addition on the high strain domain modifies the 
damage. This assumption is called assumption H2 and will be studied in the numerical validation section.  This 
method in the numerical validation section is called “modified SM” 
4. Results : numerical validation 
The proposed method is validated by comparing it to Monte Carlo simulations (MCS). This validation is made 
from a large panel of PSD profiles. 
4.1. Numerical comparison inputs 
Major input data is the PSD and fatigue parameters of materials. We use the material parameters of a quenched & 
tempered steel grade 30CrNiMo8. The value of beta (slope of Basquin line) is normally 12.03 but we chose to 
readjust its value to that of the Manson Coffin Basquin law (1/0.085) to avoid the scatter due to the laws chosen. 
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Fig. 4. The different PSD selected for the experimental design. 
For the PSD, we selected three templates PSD which are realistic for mechanical engineering industry. These 
PSD and their parameters are described in figure 4. All the PSD are defined by three parameters. The RMS value 
defines the intensity of the PSD. Depending on the RMS value, the elastic-plastic phenomenon will have more 
impact on the estimate of the damage and the life. The alpha parameter defines in the case of the PSD bandpass the 
bandwidth and in the case of the PSD 2DoF the width between the eigen frequencies. The parameter Xi defines in 
all cases the damping of mode. 6 values of each parameter (RMS, Xi, Alpha) were chosen, giving a total of 108 
configurations. 
4.2. Monte Carlo simulations 
Monte Carlo simulations (MCS) are classical means to validate calculation methods in the context of vibration 
fatigue. The number of samples is 2000 time histories (1500 seconds length), which gives a computation time by 
parameter sets of about 2 days on a PC dual corps with 4 Giga of RAM . From the PSD input data, a time signal is 
generated with the characteristics of the PSD. Subsequently, the nonlinearity is introduced into the signal. Finally 
the fatigue analysis is performed to determine the lifetime associated with the time signal. The operation is repeated 
2000 times to extract the average damage of the stochastic process characterized by the PSD. Total time for the 
experimental design is 192 days. The calculations were performed on multiple PCs in parallel to reduce the total 
calculation time to 16 days. 
4.3. Results and observations 
Figure 6, the limit on the abscissa axis is the value of material’s UTS (ultimate tensile strength), 1135 MPa. 
Figure 5 shows the cycles distribution of different methods for the bandpass PSD with parameter alpha of 0.05 for 
two RMS values. The whole cycle distributions for spectral methods are given for a Dirlik probability density 
function. Cycle distribution of MCS is the average of all cycles distributions of the drawings made. 
In the case of figure 5(a), the RMS value is 140 MPa. Distributions have the same trends regardless of the value 
of the stress on the abscissa. But, the classical spectral method diverged slightly beyond 750 MPa. This can matter 
because the number of cycles is very small and does not impact the damage as can be seen in figure 6(a). It can be 
also seen in figure 6(a) that the cumulative damage tends to a limit and this limit is already reached before the stress 
value of 750 MPa. If the classical spectral method gives the same results as those of the MCS, this means that the 
material behavior is roughly linear. 
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(a) 
 
(b) 
Fig. 5. The cycle distribution for different methods with Dirlik PDF  
(a) RMS = 140 MPa and Alpha = 0.005 (b) RMS = 240 MPa and Alpha = 0.005. 
 
(a) 
 
(b) 
Fig. 6. The cumulative damage for different methods with Dirlik PDF  
(a) RMS = 140 MPa and Alpha = 0.005 (b) RMS = 240 MPa and Alpha = 0.005. 
Figure 5(b) corresponds to an RMS value of 240 MPa, which strongly impact the divergence between the 
classical spectral method and the MCS. In this case, there is an important effect on the damage as shown in figure 
6(b). This figure shows also that the cumulative damage from the spectral method diverges and has not even reached 
its limit at UTS. Here one can see the impact of the elasto-plastic phenomenon on the classical spectral method. The 
working hypotheses are not all met, the classical spectral method overestimates the damage and therefore 
underestimates the lifetime. To give an idea, the relative error in the damage between the classical spectral method 
and the MCS for all Alpha parameters with an RMS value of 240 is 99%. Regarding the modified spectral method, it 
appears that the cycle’s distribution and cumulative damage correlates with those of MCS whatever the value of 
RMS. For the modified spectral method without the assumption H2, the cycles distribution has the same tendencies 
as that of the MCS but with an almost constant gap in the plastic zone (>650 MPa) and especially for high values of 
RMS. These observations are true regardless of the PDF and/or alpha parameter selected.  
The impact of the proposed modification on all the different spectral methods tested is illustrated in figure 8(a) 
which represents all the results of life for all parameter sets tested. Only the probability density function changes on 
the graph. It can be seen that the majority of results obtained with different PDF are conservative relative to fatigue. 
However for the Tovo & Benascuitti PDF, there are a number of points below the median, which means that 
calculated life is higher than that obtained with the MCS. Additionally, some parameter sets make every PDF 
parameter non-conservative. Figure 7(b) is the synthesis of all results of lifetimes obtained with the classical spectral 
methods for different PDF. Whatever the selected PDF, the lifetime diverges from that of MCS in the low cycle 
fatigue domain, when generally the RMS value increases. The RMS critical value in the case of our material, where 
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spectral methods begin to diverge, is 180 MPa. This value is weighted according to the shape parameters of the 
PSD. For as we have noted previously in some cases, there is coupling parameters. 
 
(a) 
 
(b) 
Fig. 7. (a) All the experimental design results for the modified spectral method with H2 and for all studied probability density function (PDF) (b) 
All the experimental design results for the classical spectral method and for all studied probability density function (PDF). 
5. Conclusions and Prospects 
The proposed method includes two major modifications compared to traditional spectral methods. The first is the 
use of a fatigue law taking into account the plastic behaviour of the material. The second is the implementation of a 
law allowing the transition from a cycle distribution due to a linear behaviour to a cycle distribution taking into 
account a non-linearity. The proposed method gives good correlation, no matter the parameter sets of the 
experimental design. It also gives the same results as classical spectral methods in the case of linear behaviour and 
better correlation with MCS when the behaviour becomes nonlinear. 
Another advantage of the method is that the input data remain the same as for conventional spectral methods. The 
only additional input parameters are the parameters related to Manson Coffin law and the cyclic hardening curve. 
These parameters are widely used in industry especially for steels. The modification proposed is applicable to all 
spectral methods, even those studied for specific PSD. We have chosen to study material nonlinearity but other non 
linearities may be implemented if the governing phenomena are known. 
Results have shown that the Hermite model produced similar results to MCS but had tendencies to diverge when 
the nonlinearity increased. 
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